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Strings: Point Particle Action

The simplest Poincaré-invariant action for a point particle
that is independent of parametrization is

SNG = −m
∫
dτ(−ẊµẊµ)1/2 (1)

We can add an additional �eld (a Lagrange multiplier)
viewed as an independent world-line metric, γττ (τ), and
de�ne η(τ) = (−γττ (τ))1/2, and get an equivalent action

SP =
1

2

∫
dτ
(
η−1ẊµẊµ − ηm2

)
(2)

Both Poincaré-invariant and reparametrization invariant
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Strings: String Action

For strings we play the same game, except we now have two
world-sheet parameters τ and σ (rather than world-line).

SP [X, γ] = − 1

4πα′

∫
dτdσ(−γ)1/2γab∂aX

µ∂bXµ (3)

D-dimensional Poincaré-invariance
Reparametrization-invariance
Two-dimensional Weyl invariance

X ′µ(τ, σ) = Xµ(τ, σ)

γ′ab(τ, σ) = e2ω(τ,σ)γab(τ, σ) (4)
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Strings: Critical Dimension

Naively, we have quantize by use of partition function

Z =

∞∑
g=0

∫
DX Dγ e−S[X,γ] (5)

Polyakov (1981) showed that under Weyl rescaling

DX → exp

(
D

24π2

∫
d2ξ
√
γ(γab∂aω∂bω +Rω)

)
DX (6)

Dγ → exp

(
−26

24π2

∫
d2ξ
√
γ(γab∂aω∂bω +Rω)

)
Dγ (7)

The measure is conformally invariant i� D = 26.
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Compacti�cation: Introduction

We now have 22 unwanted spacetime dimensions, but we
can make them compatible with observation if they are
compacti�ed very tiny.

It turns out that compacti�cations control phenomenology.

The simplest way to compactify d dimensions is to take the
internal space to be a torus

T d = Rd/Λ Λ a rank d lattice (8)

Assuming the string is closed, X(σ, τ) = X(σ + 2π, τ) then
the string coordinates are given by solutions to

(∂2σ − ∂2τ )Xi = 0 i = 1, . . . , d (9)
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Compacti�cation: Lattice Conditions

The solution to the wave equation can be decomposed into
left and right moving solutions, Xi = Xi

L +Xi
R

Xi
L = xiL + piL(τ + σ) +

i

2

∑
n6=0

α̃in
n
e−2in(τ+σ) (10)

Xi
R = xiR + piR(τ − σ) +

i

2

∑
n6=0

αin
n
e−2in(τ−σ) (11)

Consistency with the geometry enforces

(pL, pR) = (p/2 + w, p/2− w) (12)

where w ∈ Λ are winding numbers and p ∈ Λ∗ are the
momenta.

The elements (pL, pR) are viewable as elements of an even
unimodular lattice IId,d with signature (+d,−d).
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Compacti�cation: Orbifolds

In a general toroidal compacti�cation the �elds form
coordinates on

Rp,q/IIp,q IIp,q even unimodular in (p, q) (13)

The Hilbert space is obtained from momentum eigenstates
|pL, pR〉 by action of the oscillators.

An orbifold is obtained by identifying elements not only if
they are related by a shift a, but by some larger (discrete)
automorphism group G of the lattice.

Elements are pairs (a, θ) where θ ∈ O(p)×O(q) ⊂ O(p, q)
The Hilbert space representation acts by

θ |pL, pR〉 = e2πip·a |θLpL, θRpR〉 (14)

If pL and pR belong to isomorphic spaces and θL = θR we
have a symmetric orbifold. Otherwise, we have an
asymmetric orbifold.
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Asymmetric Orbifolds: Quasicrystals

In constructions of quasicrystals, one starts with a regular
lattice in a higher dimensional space, then tries to identify a
�xed subspace which cuts the lattice at an irrational angle.
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Asymmetric Orbifolds: Quasicrystals

Lattice within some acceptance range are projected onto
the subspace forming a quasicrystal, which has symmetries
forbidden in the projected dimension, but not the higher.
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Asymmetric Orbifolds: Quasicrystals - 5 Fold
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Asymmetric Orbifolds: Quasicrystals - 7 Fold
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Asymmetric Orbifolds: Quasicrystals - 11 Fold
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Asymmetric Orbifolds: Quasicrystalline Orbifolds

We will use the fact that IIp,q admits automorphisms that
are not possible in p or q dimensions, to construct orbifolds
with classically forbidden symmetries.

Simplest quasicrystalline orbifolds allow one to project out
most/all unwanted massless moduli (unwanted scalars).

Resulting conformal �eld theory is not �close� to any
rational conformal �eld theory

Connections to string phenomenology, heterotic string,
NAHE free-fermion models...
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