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I. Introduction and Motivation.
II. Basics Definitions: SUSY and Twist.
III. Infinite Symmetries and Higher Brackets.
IV. Cohomology and Holomorphic Confinement ofN = 1 SYM.
V. Recap.

Three Punchlines

�. Holomorphic twist of SQFTs
�. Infinite dimensional symmetries
�. Holomorphic Confinement of N = 1 Super Yang-Mills (SYM)
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Supersymmetry (SUSY) is a symmetry between bosons and
fermions

Q |bosoni = |fermioni , Q |fermioni = |bosoni . (�)

Particle phenomenology and experiment
I Coleman-Mandula theorem, hierarchy problem, dark matter
I Emergent supersymmetry in condensed matter and statistical
systems [Lee]��, [Kikuchi, Chen, Xu, Chang]��

SUSY QFTs provide a rich, but tractable, collection of
theories in which quantities are exactly computable or
highly constrained
I Non-renormalization theorems [Sohnius, West], [Mandelstam],

[Grisaru, Rocek, Siegel], [Seiberg], [Argyres, Plesser, Seiberg] ��

I Electric-magnetic duality [Montonen, Olive], Seiberg-Witten
Theory [Seiberg, Witten], Seiberg duality [Seiberg]
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Insights from SUSY QFTs can tell us about the real world
I Directly or by studying SUSY breaking [Dine, Yu] ��

Ex. Super QCD. N = 1 SU(Nc) SYM with Nf flavors. [Seiberg]��
I Tells us which properties
of Nf = Nc = 3 are generic

I Nf = 0 (SYM).
Confinement and chiral
symmetry breaking (CSB).

I Nf = Nc

Confinement and CSB
I Nf = Nc + 1
Confinement and NO CSB

I Strongly coupled IR CFTs...

Insights from SUSY tell us about pure mathematics
I Supersymmetry and Morse theory [Witten]
� ��
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The tractability of SUSY QFTs comes, in part, from the
existence of various protected quantities
I Can be invariant under deformation of coupling constant
I Computable in di�erent duality frames; probe NP physics
Ex. F-terms and chiral operators. Protected by two of the four

supercharges. Constrain the space of supersymmetric vacua
and deformations of the theories [Seiberg].

Ex. Supersymmetric index counts local operators with signs
[Kinney, Maldacena, Minwalla, Suvrat], [Romelsberger], [Dolan, Osborn]

Twisting isolates these protected quantities [Witten]
I The twisted theory is completely mathematically rigorous.
I Check (and prove) dualities at the level of BPS quantities.
I Conjectural dualities lead to powerful mathematics.
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�. Holomorphic twist of SQFTs
I Holomorphic twist captures the protected quantities which
give SUSY QFT its power

I Calculations in twisted theory are tractable and constrained
I Mathematically rigorous setting

�. Infinite dimensional symmetries
I Subsector of the original undeformed theory has infinite
symmetry enhancements

�. Holomorphic Confinement of N = 1 Super Yang-Mills (SYM)
I Twist provides novel approach to understanding phases of
SQFTs

� ��



B���� D���������: SUSY
��� ��� H���������� T����



SUSY ��� ��� S���-C����� R���

Supersymmetry enhances Poincaré symmetry

{QA
↵ , Q̄�̇B} = �ABP↵�̇ , (�)

{QA
↵ , Q

B
� } = {Q̄↵̇A, Q̄�̇B} = 0 . (�)

I In Euclidean signature, Spin(4) ⇠= SU(2)L ⇥ SU(2)R
I Q↵ and Q̄↵̇ are two-component spinors

Pick some supercharge Q = Q�
I The semi-chiral ring of Q consists of all Q-invariant operators

[Q,O] = 0 (�)
I If SUSY isn’t broken (so that Q |0i = 0), then a product of

Q-invariant operators satisfies

h(O+[Q,⇤]) · · ·i = hO · · ·i+ h[Q,⇤ · · · ]i = hO · · ·i , (�)

So doesn’t care about operators modulo O ⇠ O+[Q,⇤].

� ��
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Given any SQFT, we obtain the Holomorphic Twist by taking
cohomology of any one nilpotent supercharge, e.g. Q := Q�

Q2 = 0 , Q-Closed: [Q,O] = 0 , Q-Exact: [Q,⇤] , (�)

I Most available & least forgetful twist: only needs N = 1 SUSY.
I Cohomology isolates the semi-chiral ring

Anti-holomorphic translations are Q-exact, so twisted theory
is (cohomologically) holomorphic [Johansen], [Nekrasov], [Costello]

{Q, Q̄↵̇} = @z̄↵̇ (�)

Operators captured by holomorphic twist are those counted
by the superconformal index [Saberi, Williams]

I = Tr(�1)F pj1+j2�r/2qj1�j2�r/2e��{Q�,S+} (�)

� ��
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�d N = 1 SQFTs are formulated in language of superspace.
I Spacetime is a supermanifold with odd coordinates ✓↵ and ✓̄↵̇

I SUSY multiplets become components of a superfield

We use a chiral superspace, with only ✓̄↵̇ coordinates
I The right-handed supercharges act by Q̄↵̇ = @✓̄↵̇

I A superfield is of the form

O[✓̄] = e✓̄
↵̇Q̄↵̇O(0) = O(0) +O(1) +O(2) (�)

Identifying ✓̄↵̇ $ dz̄↵̇ allows us to think of superfields as
(0, •)-Dolbeault forms
A superfield is semi-chiral if it satisfies (Q+ @̄)O = 0, which
happens i� its bottom component is a semi-chiral operator
I The other components satisfy holomorphic descent relations

QO
(n)+@̄O

(n�1) = 0 (��)
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If � is a �d chiral conformal primary with chiral dimension h,
then we can expand

�(z) =
X

n2Z
z�n�h�̂n = z�h

⇣
· · ·+ z�1�̂1 + z0�̂0 + z1�̂�1 + . . .

⌘

If we want to extract the mode �̂n, we know that

�̂n =

I
dz

2⇡i
zn+h�1�(z) (��)

I Formally, extract n � 0 modes by multiplying by generator zn
for the space of holomorphic functions on C

I Extract n < 0 modes by integrating against Bochner-Martinelli
kernel

�̂n =
1

n!
�(n)(0) /

I
@n!BM�(z) (��)

where !BM = 1/z

These are elements of H1,0(C1
\{0}). Note: H1,1(C1

\{0}) = 0

� ��
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In other words

�̂n =

Z

S1
[zh�(z)dz̄] ^ ⇢ , ⇢ ⇠

(
zndz

@n!BM
2 H1,0(C \{0}) . (��)

H2,•(C2
\{0}) is concentrated in degrees 0 and 1

I Degree �. Classes are (�,�)-Dolbeault forms with n,m � 0:

⇢ ⇠ zn1 z
m
2 d2z (��)

I Degree �. Classes are (�,�)-Dolbeault forms with n,m � 0:

⇢ ⇠ @n
z1@m

z2!BM (��)

I The Bochner-Martinelli Kernel is now the thing such that
Z

S3

!BMf(z) = f(0) (��)

for any holomorphic f(z) on C2.
�� ��
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In C2, we’ve seen that (chiral) superfields O are identifiable
with (0, •)-forms
For any ⇢ 2 H2,•(C2

\{0}) we define

Ô⇢ =

I

S3
O ^ ⇢ (��)

I Degree � classes ⇢ ⇠ zn1 z
m
2 d2z give analogue of non-negative

modes of VOA, Ôn,m = Ô⇢

I Degree � classes ⇢ ⇠ @n
z1@m

z2!BM give analogue of negative
modes of VOA Ô�n�1,�m�1 = Ô⇢

Infinite dimensional symmetry enhancements analogous to
Virasoro and Kac-Moody [Gwilliam, Williams].
I Deformation [Beem, Lemos, Liendo, Peelaers, Raselli, van Rees]

Stress: Statement about the OPE of a subsector of the
original physical theory, not a deformed/modified theory.

�� ��
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Supercurrent Sam Tuv
Multiplet
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Q(SÉ)=0 Complex
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Complex
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Theories are equipped with local product called �-Bracket

{O1,O2}� =

I

S3
e�·z O1(z, z̄)O2(0) d

2z (��)

I Product is local since we can shrink S3 without changing
homology class of integration cycle

I O1 and O2 have regular OPE if this bracket vanishes.
I Tells you what happens to a SUSY transformation of O2 if you
add O1 as an F-term (interaction)

Higher brackets describe homotopy between lower brackets

{O1,O2, . . . ,On+1}�1,...,�n (��)

I Capture operations failure to be holomorphic on chains.

�� ��
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Start with the free Free Cohomology V
I Gauge-invariant polynomials (words) in fields and derivatives
(letters)

Interacting quantum theory is obtained from underlying
free-classical theory V as cohomology of a new operator

Q = Q0 +Q1 +Q2 . . . . (��)

where Qn is computed by n-loop Feynman diagrams.

In interacting quantum theory all perturbative corrections
are contained in the higher brackets of the free holomorphic
factorization algebra! [Budzik, Gaiotto, JK, Williams, Wu, Yu]

QO = {I,O}0 + {I, I,O}0,0 + {I, I, I,O}0,0,0 + . . . . (��)

I [Tree-level] ⇠ � I , [�-Loop] ⇠ � I ’s , etc.
�� ��
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Feynman diagrams are Laman graphs. [Budzik, Gaiotto, JK, Wu, Yu]

I Arbitrary holomorphic-topological twists in arbitrary
dimensions are captured by generalized-Laman graphs
[Kontsevich], [Gaiotto, Moore, Witten]

Arbitrary integral takes the form:

I�[�; z] ⌘

Z

R4|�0|�4
@̄

2

4
Y

e2�1

P(xe0 � xe1 + ze, x̄e0 � x̄e1)

3

5

2

4
Y

v2�0
0

e�v ·xvd2xv

3

5 (��)

I Change of variables maps integral to Fourier transform of a
polytope in loop momenta, the operatope.

I Feynman integrals satisfy infinite collection of geometric
quadratic identities; enforcing associativity

I Can bootstrap all Feynman integrals from these identities.
�� ��
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N = 1 SYM is SU(N) gauge theory with an adjoint fermion

L =

Z
d2✓

�i

8⇡
⌧ trW↵W

↵ + c.c. (��)

Twist is identified (in a non-trivial way) with a holomorphic
bc system [Costello], [Elliot, Safronov, Williams], [Saberi, Williams]
I Fields are collected in adjoint bosonic superfield b and
(co)adjoint fermionic superfield c.

The Lagrangian of this theory is

Ltwisted = Tr b

✓
@̄c�

1

2
[c, c]

◆
+ ⌧ Tr @↵c @

↵c . (��)

I Free cohomology

C[b, @↵b, @↵@�b, . . . , @↵c, @↵@�c, . . . ]G (��)
I Derivative of the stress tensor is @↵S↵ = @↵bA@↵cA.

�� ��
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Adding one loop corrections, we find @↵S↵ = QTr b2
I @↵S↵ generates (among other things) all the remaining
spacetime symmetries.

I Exactness of @↵S↵ means local operators are invariant under
remaining spacetime transformations.

I Theory becomes topological at one loop!

Being topological is compatible with
confinement: if topological in the UV,
then topological in the IR.
I Constrains IR physics: the
holomorphic twist of the IR must
also be topological.

I We call this Holomorphic
Confinement [Budzik, Gaiotto, JK, Williams,
Wu, Yu]

Large N calculations with twisted holography dual.
�� ��
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SUSY QFTs are toy models for real world physics. Tractability
comes from protected quantities.
I Protected quantities are isolated by the holomorphic twist,
by taking the cohomology of one supercharge.

I The operators that survive are those that contribute to the
superconformal index.

I This is not a deformation, it is a statement about a subsector
of the original theory.

Features
These sectors have:
�. Infinite dimensional symmetry enhancements, analogous to
Virasoro and Kac-Moody symmetries

�. Feynman diagrams which are completely bootstrappable
�. Novel UV manifestation of confinement

�� ��
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Super QCD. Twist has �d PSU(Nf |Nf ) Kac-Moody symmetry.

N = 4 SYM. Compute cohomology of 1
16-BPS states.

I Can the superconformal index be written as a sum of
characters for the infinite dimensional symmetry algebras?

Seiberg Duality. Requires non-perturbative corrections.
I Prove Seiberg duality at level of twisted theory.
I What does Seiberg duality translate to for pure mathematics?

Understand if the infinite dimensional symmetry algebras
can be used for the bootstrap (like the N = 2 VOAs)
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